
Lecture 5:Build + Sovethe

Quantum Scalur Field
Content: Construction of QSF, Fock space. Improper vectors,

normalizations, Heisenbery Picture. Notation.

Building the Quantum Scalar Field:

Klein-Gordon Hamiltonian

Man= I (dxTx +(PY +m2(x)} (5.1)

such that the Equal-Time commutation

relation is satisfied

[I(*), F(z))=iSX-z), (5.2)

which was by the "educated guess"of the

classical klein-Gordon Hamiltonian.

Stin:

Ima:(ap wrap (5.3)



where [Ip,24) =

(2+Pg(*)( p-p") (5.4)

Weare
not

come theinee
want tocall this a disticQFT

which isnot whatInc isat the

moment.

Construction of Relativistic QFT:

To say we're built a relativistic QFT, we need I

projective unitary transformation of the Poincare group.

This far, we have only constructed a

strap of 1-parameter of the Poincere

group;namely

u(2+,0,0,0)) =entit
only time evolution.

We want: Generatorsfor all possible Poincare group

transformations.

We can do this by guessing generators by "putting



huts on"all the conserved charges coming from

Noetherstheorem (Qa8al

Conservation of currents,charges:

Today:just focus on pita pi
↑ ↳

generators of
comes from transformations

classical mechanics
conserved currents =4%.

I charges arise from integration

CAL:
over space.

It

-=*202,0 -6(8460 - m2(2)(5.5)
I
conserved currents

Temporal translation

-L
conserved charge for Xu =x" + (a,0,0,0)

SH: yowdix =20x
(5.6)

Already knew!

i =(<
" "

"(dx =Faa
d



For spatial transformations,

pi =(Tidix =(q2jddx 15.7)
smomentum)

=(π2;0dx
quantic
pi =(*2;8dx (5.5)

ex=(asp pp

Quantization:

[Q2, QpY:Ja Qu

--[En,ap)=iLap Qu
(5.9)

?Do (A, pi) obey the correct algebra?

SpYpy:0 it (PM, pr=0 (5.10)

This implies that we're produced a (prj) unitary



group representation of translation subgroup of

the Poinairegrap!
Now:produce the Hilbert space

Hilbert Space Construction (Fock Space).
I C

Fock Space: Start with "vacuum State" led

defined by p12) =0 Fi.

Hilbertspan isthem built as the space generated by

Ill write linear combinations of vectors of the form

IP, P2, ..., Pn3 = ? ... (a (5.11)

completed by the relation (AIA):1Al.

Problem:the IP., P2, ...,Pu) isimproper it.

not normalized. Deal with eventually.
↓
This problem was

also encountered in NRAM

Improper Vectors: with the QHO!

"Improper": "not normalizable")"innormalizable".



The physical state mustbe smeared out" in "continuous"
IP) - Space

1) =(B 4(P)1P): (tB 4(P12(m)
(5.12)

where it is a smooth (C2) function.

Another problem:"Smearing process" is not obviously

Lorents invenient...

Difficulty comes from normalization" of Ips:

<P1q) =(2+738-j) (5.13)
↑
can multiply state by anything -

choose so thatnew state is

Lorentz-Invariant. This is called projection.
-

vormalize
-Improper veter Lorentere

New improper vector.

Goal:Build projector ontosingle-particle speec

A
single - iti Ip> <p1 (5.14)
-particle i

not invariant is not invariant!
I
This normalizes into SP-state, but isn't invariant.



Introduce some "mystery Factor x(p1"such that

I
simparticle (extp) *P 1P><p1 (5.15)

ance (exti) is Lorentz-Invariant.

chaim:xp): IY.

Roz: /dp is invariantunder Poincare.

↳4-volume element.

Consider the LorentzTransformation

(p.)* =rp" +am;

Jacobian is a. Note that

def(1) =
= 1

*(An excercisel
no "stretch

And therefore Sd4p:Sd"p'.- factors"

Notice that ppr=m2 is invariant,

hence p2-cp"=1pP+ m2.
14

"Energy" square / ↑ cp =0 since free-particle states



~ satisfy pMPa=M2.

Solve for"Po: Two solution branches

Po = =x+m2

"which brunch"isLorentzInvariant?

So JdYp 578--m2)/poso- =30
Variational Calculus: -

- wph (2016)
=2(1P0-wol(Potwol)

=(Ipo:
wo

is invariant.
=(P0+Wp) 8(Po-wp) +SlPo-wrl(PotWnl Ip=pr
=2Wp 8(P0-WpI 0 if Po > 0

and divideine "delta-normalization" for 3-vectorsThus we

Tr
2cp 8((P-I) (2.17)

This implies d. de
and we build

IP) = 2wp.p/r) (2014)
↑
renormalized it is

object unnormalized,
improper

Hence 191p3= (2i7 · 2cp · g() (p-E)

(2.19)



which is now an invariantconcept.

Action of Renormalized vectors on Operators:

What is the action of PM on IP, P2, ..., Pn)?

Lamer: [Flna, 2p):wpp; (Pj,3p): pEp.
(2.201

Proof: =CICISeS -

callery: PM (P., P2, ..., Pn)
=(, P) IP.. ..., Pal

12.21)
where potup because pM1) =0.

Diagonalization" of the basis!

=>implementtranslations quantitatively via

- izu Pr
x(a) = 2 (2.22)

Lorentz Invariances In the Heisenberg Picture:

- it ↳ "Interaction
OH =einto c picture"



with = :(I, On] (2.23)

In Hers picture, commutation relations become

normally time arguments imply thatwe work in H. picture.
↑

(I(t,x1,I(t,j)] =0 i
11

III

8 =(π2+,x), π(t,I)] (2.24)

&It,x), (1,2)] =i8" (X -z) (2.25)

But how does Ichange with time?

It iseasier to describe spatially-localized processes

in the Heisenberg picture than former-transforming

everything in the Schrodinger picture.

We have that

+* = i (5, lt,x

= ((dyF2+,5) +(5)
+ m2Y 2+,7), Ct,x]
-

excercise! vanity by 32.24). (2.20)
I
(t,x) (2-271



Alike Hamilton's equations,

⑰x) =i (F1, (t,x)]

= ((dy F2+,5) +(Ct,l (2.2$1

+ m2 2+,7), ICt, x1]

= (dy(2i(;y(t,5))(0;f(x -5))
+ 2m2.:8(x-5) 8(,it3 (2.29)

=y2q(+,x) - m2 q(t,X) (2.30)

But this implies that

(e)+m2(t,x) =w((2.31)
ie. the field operator to obeys the

Ikkein-Gordon equation! Good sign.



Exercises:

1. Prove thatpi=(*2;0dx= Stpi Ep.
Prof: Firstequatorial is given by energy. Momentum

tensor to components integrated over
IR?

Second equatorial given by noting that

=

def(1) =
= 1

*(An excercisel

Lemmer: [Flna, 2p):wpp; (Pj,3p): pEp.
-

(2.201
Proof:Exercises.



d*=i (5, lt,x
= ((dyF2+,5) +(5)

+ m2Y 2+,7), Ct,x]
-

excercise! Vanisha by 12.24). (2.20)
I
(t,x)


